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1. INTRODUCTION

Questions related to the study of the behavior of entire functions over infinite curves (in particular,
logarithmic spirals) were considered in [1]—[5]. Macintyre [1]introduced the concept of indicator along
a logarithmic spiral and generalized the concept of associated function; Kennedy [2] studied analytical
functions in domains bounded by spiral-like curves Cy, k = 1,2, arg z = 9, (2), z € Ck, where ¢y (r)
is a continuous, almost everywhere differentiable function for > 0 and r|¢/’(r)| < const; Balashov [3]
and Heifits [4] proved, respectively, theorems of Valiron and Valiron—Titchmarsh type for positive-order
entire functions with zeros on a logarithmic spiral.

Denote
I1(a,b) = {z = [z]exp(i(p +7(|2])) @ < [2] < b}, 1J(1,+00) =1,

where ¢ € R and ~(r) is a real-valued differentiable function on [a, b]. Following Balashov [3], we call I}
a curve of regular rotation if the limit

lim ry(r) =c¢ —o0 < ¢ < +00
i ry'(r) = ¢, +

exists. In the case y(r) = cInr, we obtain the logarithmic spiral [Z,. Note that a curve of regular rotation
differs significantly from a ray if there exists no finite limit lim, _, 1 oo y(7).

In [5], the main theorem of the theory of entire functions of completely regular growth of finite
positive order was generalized; this theory was generalized to curves of regular rotation; this theory
was constructed by Levin and Pfluger (see [6, Chaps. 2, 3]); and, in[7], an analogue of this theorem was
proved for entire functions of zero order, which form an important and (in certain applications) popular
subclass of entire functions. It is easy to show that

+00 5
f(z) = H<1 - >, a=lale’, la| >1, a€l0,27),
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ON THE REGULAR BEHAVIOR OF ENTIRE FUNCTIONS 533

is an entire function of zero order whose roots have an angular v-density with respect to the comparison
function v(r) = Inr and, in the case of the incommensurability of the numbers « and 7, they are
uniformly distributed over the angles (dA(v) = (A1/(27)) dy, Ay = 1/1In|a|). By Theorem I from [7]
the following equality

1
Inf(z) = 2A11n2r+o(lnr), r — 400,

holds outside some Cp-set of values z = re®, 0 < ¢ < 2. In fact, in this case, the roots of f lie on the
logarithmic spiral I§ (¢ = ao/A1), and it is natural to study the behavior of In f along the logarithmic

spirals [g,. Using results from [7] (see Theorem 1), outside some Cp-set of values z = rei(etelnr)
0 < ¢ < 2w, we obtain the asymptotic representation

In f(z) = ; A(1+ic)In?r +iA1(0 — 7) Inr 4 o(Inr), T — 400,

which is more informative than the behavior of In f over rays.

The example of this special function f corroborates the importance of conducting studies of the
relationship between the distribution of roots along curves of regular rotation of entire functions of zero
order and the regular behavior at infinity of their logarithms along such curves. The theorems obtained
in the present paper generalize results contained in [7].

2. DEFINITIONS AND STATEMENT OF THE MAIN RESULTS

Let L be the class of continuously differentiable, positive, nondecreasing, unbounded functions v on
[0, 400) such that rv'(r)/v(r) — 0 as r — +oo. It is well known that, up to equivalent functions, the
class L coincides with the class of slowly increasing functions 5(r) such that g(2r) ~ B(r), r — +o0.
Also note that the functions v € L are of zero order, namely, lim, _, o (In* v(r)/Inr) = 0.

Let Hy(v) denote the class of entire functions of zero order such that the counting function
n(r) = n(r,0, f) of their roots satisfies the condition n(r) = O(v(r)), r = 4+00. For 0 < f — a < 2,
we put

D8 = | 00,
a<p<p
and nY(r; o, §) is the number of roots f € Hp(v) in the curvilinear sector D (r; «, ).

We will say that the set of roots of a function f € Hy(v) has an v-density A7 («, 5) along the curves
of regular rotation 1}, if, for all o, B € R, with the possible exception of a countable set of values of «
and g, the following limit exists:

In this case, for a fixed o1, the equality A7(p) — AV(¢1) = AV(p1, @) defines on (1,91 + 27], up to a
constant, a nondecreasing function A7(y), which we will extend to the whole set R by the rule

AV(p+2m) = AV(p) = AV(p1 +2m) — A1), @ €ER
A curve of regular rotation 1) will be called ordinary for f € Hy(v) if

V(r O —
im lim n¥(r;0 —e, 0 +¢)

=0.
e—0+ r—-+oo v(r)

All the other curves of regular rotation I, will be called exceptional. If the roots of f € Hy(v) have an
v-density A7(a, B) along the curves of regular rotation I3, then, from the monotonicity of the function
A7 (), it follows that the set of exceptional curves of regular rotation I} for f is at most countable.
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534 ZABOLOTSKII et al.

Without loss of generality, we assume that f(0) = 1. By In(1 — z/a,), a, € [, we will denote the
univalent branch in the domain D(1)) = C\ 1] (Jan|, +00) of the multivalued function Ln(1 — z/a, ) such
that In(1 — z/ay)|,=0 = 0. Then, for

Ti(1-)en L 2.1
s =TI(1- ) e, ver 21)

we obtain

In f(2) = :iln(l - ai), 2€C\ (gl;n(rn,Jroo)),

where 7, = |a,| is the smallest modulus of the root f that lies on the curve of regular rotation i,

op = argay € [—m,m). For —m <4 < 7, we denote byﬁ(@; 1) the 2m-periodic extension of the function
h(0;¢) =0 — v —m, 0 € (v, + 27), to R. For ordinary curves of regular rotation 7 of a function
f € Ho(v),v € L, welet

™

0 o~
H}(0) = /@ (0 - —m) dAY () = / B(6: ) dAY (1),

—2m -

) g, [7 O+ 0)
1

N(r) = NY(r,0, f) :/ t

Iy(1,r) w
Following Levin [6, p. 119], we will call the quantity
1
(E)= 1l '
P =i () n)
cj|<r

the upper linear density of the set E of disks {z: |z — ¢j| < r;}, j € N, and the set of zero upper linear
density is called a Cy-set.

Theorem 1. Letv € L, f € Hy(v), and let the roots of f have v-density AV («, 8) along the curves
of regular rotation l},. Then there exists a Cy-set E such that, for all the ordinary curves of regular
rotation 1} of the function f,

In f(2) = N7(r) +iH}(0)v(r) + o(v(r)), z=re@) ¢ B r 5 oo, (2.2)

Let T, = U;”Zl lgj, —m <61 <by < <Oy <bpy1 =, be afinite system of curves of regular

rotation.

Remark 1. If the roots of f € Hy(v) lie on I'y,, then the existence of a v-density A”(«, 8) along the
curves of regular rotation [J; is equivalent to the relations (A; >0, =1,...,m)

n(r;0;) = Aju(r) + o(v(r)), r — +00,

where n(r; 0;) is the counting function of the roots of f on lgj. In this case,
HJ(0) =Y Ajh(0:0;),  0#6;, j=1,....m.
j=1

Theorem 2. Letv € L, let f € Hy(v), let the roots of f lie on Ty, and let

G(O) =G(O:Tm) = ARB:0;), A;>0, 0€[-mm).
7j=1
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ON THE REGULAR BEHAVIOR OF ENTIRE FUNCTIONS 935

If, for an arbitrary § > 0,
m—+1

7r7T\U —0,0; +9),

the following relation holds uniformly in:
In f(re! @Dy = NY(r) +iG(0)v(r) + o(v(r)), 7 — +o0, (2.3)
then the roots of f have an v-density AV (w, B) along the curves of regular rotation ).

Remark 2. It was shown in [8] that, in the general case of an arbitrary arrangement of the roots of
f € Ho(v), v € L, the converse statement to Theorem 1 does not hold even in the case when the curves
of regular rotation are rays.

3. AUXILIARY RESULTS
In this section, we present six Lemmas that will be used in the proof of the theorems.
Lemma 1. Suppose that v € L, 17 is a curve of regular rotation, 0 < 6 < 1, B(t) —v(t) — 0 as

t — 400, aft) is a piecewise continuous function on [1,+00), a(t) — 0 as t — +oo. Then, for
z=retB0) _p < <,

J1 = /11(1,7«) a(h:')fng dw = o(v(r)), r — +00, (3.1)
Jy = z/ ot QELZ(UBU_(ZL))D dw = o(v(r)), r — 400, (3.2)

and relations (3.1), (3.2) hold uniformly with respect to ¢ € [—m + §, ™ — d].

Proof. Lete > 0 be an arbitrary number, and let K7, K>, ... be positive constants. We put
— o—0/(4lc]) - 1 !
n=e , where ¢ tlgrnoo(ty (1)).
If ¢ = 0, then we assume that n = 1/2.

For an arbitrary b > 0, we have [3],
lim (y(bx) —~v(x)) = clnb,

T—+00
it follows that, for t € [nr,r/n),
p=9+B(r) =) = ¢+ (B(r) =) + (v(r) =~(t)) = ¢+ clnd”
asr — 400, b* € [n,1/n]. For ¢ € [-m + §,m — 4], forr > 71, we have
©>(p+clnd) — 0 > —m+ o lelnn| = —7 + o le|In e/ (el = — 7 4 6,
2 2 2 4
0
47

and hence |3| < 7 —6/4. In view of the inequality |t + re®| > (t 4 r)sin(01/2) (see, e.g., [9]), for
0] <7 —d1,0< 3 <1,whent e [nr,r/n], we obtain

. ) ) 1
go§(30+clnb*)—|—2 §7T—2—|—|c|ln77:7r—

§
lw — 2| = [te!TTHYE) el eHBIN| = |t 4 1e™®| > (£ 47) s1n<8>

We have w = te!(=™t (1) gy = (1 + ztw '(t))e =T 0) g,

nr ,
|J1] = ‘(/ / > L+ity(t)) eH=m (1) dt‘
nr -z
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536 ZABOLOTSKII et al.

" |a " la(®)|o(t) dt
<K; Ky
/ |w| dt+ e (t+17)sin(0/8)
K1U KQU
dt )| dt >
/\ (t)| dt + 1+77s1n5/8/|a )| dt < ev(r), r >y,

because [ |o t)| dt = o(r), r — +o0.
We put o*(r) = sup{|a(t)]: » <t <r/n}. Since

+00
v(r/n) ~v(r), o*(r)—0, / lau(t)|v(t) /12 dt = o(v(r)/T) as 1 — 400,

it follows that

7 Ja(t)u(t) T Ja(t)]
<
|J2|_K37"/7: t(t + r)sin( 5/8 + Kar / t—r dt

r/n 400
< K5a*(r)vir) / dt + KGT'/ l(®lv(t) dt

2
< Ko™ (r)v(r) + ; v(r) < ev(r), r>rs.
Lemma 1 is proved.
Let k e NU {0}, 0(t) = tv'(t), v(1) =0,/ (t) = ¢+ &(t), e(t) = 0 as t — +oo. We put
Ag(r,0) = /IT v(t)thei+® gy By(r,v) = /+OO v(t)t k2= kO g

Lemma2. /fv € L, then

B 1 ,U(T)Tk—i-lei(k-i-l)ﬂ/(T) 1 _ ‘

Ag(r,v) = 1+z’c< b1 —k+1Ak(T,v)—1Ak(7,€-v) , (3.3)
B 1 ,U(T)T—k—le—i(k-i-l)ﬂ/(T) 1 _ ‘

By(r,v) = 1+z’c< b1 + k+1Bk(T,’U)—ZBk(T,E~’U) . (3.4)

Proof. Integrating by parts, we obtain

A (7_ U) _ U(t)tk—i-l ei(k-i-l)y(t) T B 1 /T tk+1ez‘(k+1)~/(t) (U/(t) + ’L(k‘ + 1)7/(t)v(t)) dt
R k+1 L k+1 )
U(T)Tk-i-lei(k-i-l)’y(r)
B k+1
- i . / (' (t))tFeET0 gt — / v(t)(ty (1)) tFe YD gy
1 1
k+1 ,i(k+1)y(7)
= L A ) — ieAy(r0) — (e ),

from which follows (3.3). Relation (3.4) is obtained similarly. Lemma 2 is proved.

Lemma3. Letv e L,w e l”_, B(r) —y(t) = 0asr — 00,0 < 6 < 1. Then, for z = re#+8() g5
r — 400, the following relations hold uniformly with respect to ¢ € [—m + §,m — J:

d ‘ ‘ +oo 1 k+1

I = /l . v(lw_\)ww = (1 +ic) 55%1,;0( Zk)+1 (1 = &)r, ) + o(v(r)), (3.5)
+o0o _N\k

I, = z/ﬂ - Z(gzugiu)) = (1+1ic) al—i>%l+z:: 2—721 Bi((1 +¢&)r,v) + o(v(r)). (3.6)
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ON THE REGULAR BEHAVIOR OF ENTIRE FUNCTIONS 537
Proof. We have w = te=™t71) dw = (1 + ity/(t))e’"™H D) 4t t4/(t) = c + a(t),

P o(t)(1 4 ity (1)) i)
o [0 B,
1 z2(1—w/z)
1—¢e)r . . +o0 k
~ i (1—¢) ’U(t)(l “+1c+ ’LOé(t)) ei(—ﬂ'-i-"/(t)) Z w dt
k=0
+o0 (_1Vk+1l  p(l—e)r r (= (2)
_ N (-1) / k_i(k-+1)7(t) / v(t)a(t)e
= (1 +ic) J_l}%lﬂ% AT v(t)te dt +1 1 o dt
+0o0 (_1)k+1
= (1 +ic) El_if& Skl A((1 —e)r,v) +o(v(r)), r — +00,
k=

because, by Lemma 1, uniformly with respect to ¢ € [—7 + &, 7 — 4],

[T o(t)alt)ei-TH) | a(fwlyo(hwl) dw
7 dt =1 . = o(v(r)), r — +00.
[, v (it @)z —w) ~ )
Relation (3.6) is proved similarly.

Recall that aset E C R, is called an Ey-set if E is measurable and mes(E N [0,7]) = o(r), r — +o0.
From [7, Lemmas 4 and 5], we obtain the following statement.

Lemma 4. Suppose thatv e L,0< 6 < 1,0 € [—-m, ), f € Hy(v). Then there exists an Ey-set E

such that
0+5
g
)

For the entire function f defined by (2.1), we denote by f(z) the product f9(2) = [[1>5(1 — 2/dl,),
in which |al,| = |a,| and |arg a), — arga,| < 6.

7/(re)
flrei)

dyp = O(v(r))<5+5ln<1 + ;)) r— 4o, r¢E.

Lemmab. Letv e L, f € Hy(v), and let the following limit exist:
hm ’I’L(’I", 07 f)

r—00 U(T)

=A>0.

Then
Ve>0 V>0 36>0 JECC, p(E)<n: VYz¢E |ln|f(z)—In[f’(2)]| <e.

The proof of this lemma was given in [10].

Lemma 6. Suppose that v € L, f € Hy(v), the roots of f have an v-density AY(«, ) along the
curves of regular rotation 1}, K is a closed set of ordinary curves of regular rotation 1) of f, and

the function f°(z) is the same as above. Then

Ve>0 VzeK 36>0 3rg>0: VYr>rg |arg f(2) —arg f0(2)| < ev(r).
Proof. Let usexpress f as the product of the following three functions:

nea= I (1-0) mo= 10 (1-7) ae= II (1-7)

lan|<r/2 n lan|>2r n r/2<|an|<2r n
Obviously,
larg f(z) — arg f°(2)]
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538 ZABOLOTSKII et al.

< |arg f1(2) — arg f7(2)| + |arg fa(z) — arg f3(2)| + |arg f3(2) — arg f3(2)]
< [Infi(2) = In f{(2)] + |In fo(2) — In f3(2)| + |arg f3(z) — arg f3(2)|.

(3.7)

Since n(r) < Av(r), r >r1, 0 < A < 400, ;;OO v(t)/tdt ~v(2r)/2r, r — 400, it follows that,
for an arbitrary e > 0, we can choose 0 < § < 1/4 and rg > r; so that 8AJ < /3, v(2r) < 2v(r),

T u()/t2dt < v(2r)/r Tor r > .

2r
For |arga), — arga,| = |arg a,| < 0, |an| < 7/2, and |a,| > 2r, we have
(a;ljan)z _r|1—ei°‘"\_ or §2(5<1.
an(ay, — z) llan| — 7| l|an| — 7| 2

Using the inequality [In(1 — u)| < 2]u| for |u| < 1/2 (see 6, p. 87]), we obtain

nfi(z) = ff(2)] < ) 1n<1—;>‘1“<1‘a2>

lan|<r/2
(al, — an)z> ‘ (al, —an)z
= > ln<1 — <2 > n
|an|<r/2 an(ay, = 2) lan|<r/2 an(ay, = 2)

< 45n<;> < 46Av(r) < ;v(r), r>Try.

Since

+00 +o0 +o0
/ dn(t) S/ n(t) gt < A v(t) it < Av(2r) < 2Av(r) ,
2r t 2r 2 2r t2 r r

we, similarly, have

I 1 +oo dn(t)
Cln f9(2)| < (@, = an)z < = /
IIn fo(2) —In f3(2)] <2 Z antal, —2)| = 20r Z lan| — 7 20r Lt
lan|>2r lan|22r
+00
< ASr dn(t) < 85A'U(7’) < ;’U(T‘), r> To-
2r

Using the same arguments as in [5, pp. 352—353], we obtain the estimate
|argf3(z)—argf§(z)| < ;’U(T), zelg e K, r>rg.
In view of (3.7), using (3.8)—(3.10), we conclude the proof of the assertion of Lemma 6.

4. PROOF OF THE MAIN RESULTS

Without loss of generality, we assume that v(r) = 0for0 < r < 1.

(3.8)

(3.9)

(3.10)

Proof of Theorem 1. Suppose that the roots (ay,) of the function f € Hy(v), v € L, are on the curves
of regular rotation I” _, n(r) = v(r)(1 + a(r)), and a(r) = 0 as r — +oo. Then, for z = retlet(n)

—7 < ¢ < m, we have (see [3])

In f(z) = §1n<1 . :n> - /liﬂ 1n<1 _ ;) dn(|w|) = —2 /lzﬁ w?gii\é) dw
B /ﬂ (1,r) "(lz”D w

+/ n(|w|)< * — 1>dw+/ n(|w)) dw
(L) w(z—w)  w 0 (rotoc) W(z = )
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ON THE REGULAR BEHAVIOR OF ENTIRE FUNCTIONS 539

0 (1r) 2 W [ (ro0) W(z — W)
=N(r)+ L+ I+ Ji + Ja, (4.1)

where Iy, I, Ji, Jo are the same as in Lemmas 1 and 3. By virtue of (3.1), (3.3), (3.5), we obtain

Il—l-Jl = lim

+o0 (_1)k+1 U((l _ E)T)(l _ E)k-ﬁ-lTk-i-lei(k—i-l)'y((l—s)r)
=0+ £~ PLa {

kE+1

1

k4l Ap((1—e)r,v) —iAr((L —e)r,ac - U)} + o(v(r))

~— (1)
= —u(r) J;%;Z by 1 (L= ep(i(k + 1)(—¢ + (1 = )r) —1(r)

too ( 1)k+1

: ~ i afjwl)o(|wl)
B 61—1>I(r]l+ Z (l{: + 1)Zk+1 Ak((l B €)T7 U) B 14 ic /lzﬂ(lﬂ”) Z—w dw + O(U(T))
= —u(r )5135; 01+ (1~ ) expli(—p + 71~ Ir) ~ () - i 1.+ ofu(r))
= —In(1 4+ e )u(r) + o(v(r)), r — +o00, (4.2)
because, by Lemma 3 from [7],

too (_1)k+1

M =
21l kzzo(kzﬂ)zkﬂ

Ap((1 —e)r,0)

<+oo 1 "Byt dt =
_kzzo(k+1)7"k+l/1 o)tFdt = o(v(r)),  r— +oo.

Similarly, from (3.2), (3.4), (3.6), and [7, Lemmas 3], we obtain
Iy + Jy = In(1 4 €)v(r) 4 o(v(r)), r — +o0. (4.3)
Using (4.1)—(4.3) for z = re?¢t7(") | _7 < © < 7, we can write
In f(2) = N7(r) + (In(1 4 ) — In(1 — e~ ))v(r) + o(v(r))
= N7(r) 4+ ipv(r) + o(v(r)), r — +00; (4.4)
here the latter relation holds uniformly with respect to p € [—m + 0,7 — d],0 < § < 1.

If the roots f € Hy(v) are on the curves of regular rotation lz, —m < 1 < m, then, by turning the

plane clockwise by the angle (7 + v), i.e., replacing in (4.4) the value of ¢ by ¢ — 1) — 7, we see that, for
an arbitrary 0 € (0, 1), the following relation holds uniformly with respect to ¢ € [¢) + §,1 + 27 — ¢]:

In f(re? DY = NY(r) 4 ih(g; ) u(r) + o(v(r)), r — 400. (4.5)

Now let the roots of f € Hyp(v) be placed on a finite system of curves of regular rotation
r, = UT’ 1 l;’ , <O <Oy < <bp <7 =0y, and n(r;6;) = Aju(r) +o(v(r)), r— +o0.
Let us express f as the product f = fi1--- fi,, where f; is an entire function with roots on the curves of
regular rotation lgj, j=1,...,m. Then, forz € D(I';,) = C\ I, we have

Inf(2) = In fi(2) + -+ 10 fiu(2)

and, using (4.5), for z = re'®#+7() £ 9. j=1,... m, we obtain

In f(z) +ZZAW, +o(v(r)), - +oc.
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540 ZABOLOTSKII et al.

Consider the case of an arbitrary placement of the roots of f € Hy(v). We will employ the methods
used in a similar situation in [5, pp. 348—349] and [6, pp. 162—163]. Let us construct the integral sum

Sm(®) =Y Ajh(gsy), Ay = A) — Ady),

j=1

where —m < )1 < 9 < -+ < Py, < Y1 =w. For any e > 0, we can choose a § > 0, so that, for
maxi<j<m |¥j+1 — ¥j| < 6, the following inequality holds:

H () = Sl(p)| < &

6

Now let us take numbers al, so that |al,| = |ay|, and if ax €], ¥; <41, then a € l;j,

(4.6)

j=1,2,...,m, and we construct the function f°(z). Applying Lemmas 5 and 6, we see that, for
any ¢ > 0,n > 0, and a sufficiently small § > 0, the inequality

[In1f(2) =W | ()| < 5 vir) (4.7)
holds for z ¢ E, p*(E) < n/2, and the inequality

jarg £(2) — arg f°(:)] <  v(r) (48)

holds for z € I, 7 > 71, where [} are the ordinary curves of regular rotation of the function f. The roots
of f%(z) lie on a finite system of curves of regular rotation. T,,, = Uiz, lgj, n(r;v;) = (14 0(1))Aju(r),
r — 400, and, as proved above, for arbitrary € >0, o >0, for r > 7y and 0 < ¢ —v; <27 -0,
j=1,2,...,m, the following inequalities are valid (z € I$}):
€ €
n | £°(2)] = N7(2)| < ORI - F2(2) = Smlp)| < 6 V()
Combining this with (4.6)—(4.8), we see that, forz ¢ E,z € I}, 0 <@ —9¢; <2r—0,j =1,2,...,m,

In|f()] = N7()] < 5 o), Jarg (=) = H} (@)o(r)] < v(r), 270 = max{ri,r},

In f(2) = N7(2) —iH }(p)v(r)] < ev(r). (4.9)

Performing a second partition of the interval [—m,7) by points ¢, j =1,2,...,m, so that the
inequalities 0 <0 —¢; <21 —o and 0 < 0 — w; < 27 — o cover the whole interval [, 7|, we can
see that (4.9) hold for z = re/(?+7(") ¢ By p*(Ey) < n. Further, just as in [6, p. 133], we construct a
Cop-set outside which (2.2) holds. Theorem 1 is proved.

Proof of Theorem 2. Suppose that r ¢ Q = {|a,|: n € N}, the a, are the roots of f € Hy(v),
D7(r; «, B) is a curvilinear sector, and
ML << O << Oy < <Oy <B<Opgy1 <+ <O, <.
Denote by
OD" (r; a, B) = I3(1,7) U K (r;0, B) U (I3(1,7) 7 U (K (130, 8)) "
the positive orientation of the boundary D7 (r; o, 8), where
K(t;a,8) ={z: |zl =t, a+7(t) <argz < B+ 7(1)}.
In view of (2.3) and the condition that the roots of f lie on the the curves of regular rotation l'yj,
j=1,...,m, by the residue theorem, we have

o _ f,(Z) :< _ B >f’(Z)
2min’ (r; o, B) /am(r;a,b’) f(2) dz /ll(l,r) +/K(T;a,g) /l’Y(l,r) /K(l;a,,b’) f(2) e

B
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f/ tetlaty(t)) o, it (D)
/ (teilr(0) (1 +ity'(t))e dt

f tel(ﬁ"’_'y )

tel(ﬁ‘f"y )

Bf(re er())) ) Bf(zsoﬂ )) )

i(p+(r)) _ i i(p+y(1))

+ /a Flreiter) ¢ di /a F(eiterr)) @ dip
=In f(re" @) —1n f(re! D) 4 (10, B) + C

(14 ity (£))ePHD) gy

=i(G(a) = G(B))v(r) + J(r;e, B) + C +o(v(r)),  r— 00, (4.10)
where
B 1 pile+y(1)
I f(eia(D) i(B+1(1)) fi(e ) il (D)
C=—-Inf(e )+ 1n f(e* ) — z/a Feilera) e dep.
Let
.| Ok, — -0, 0i41—0; ,
0<5<m1n{ k°2a,ﬁ2l°,]+l2 J}, j=ko,...,lo—1.
Then, by (2.3), we have
J(r;a, B)
Op,—6 lo—1 _5 0;+6
_ (/ ko N Z / i+1 / + / > eiletr(n) i) g,
@ ] k 0 +5 91 —‘,—5 ’r’eZ(SD'i_A/(T)))
lo—1
= i(G(Oh, — 0) — ) +i Y (G041 — 6) — G(8; + 8))v(r)
Jj=ko
+i(G(B) — G(0;, + 0))v(r) + Xs + o(v(r)), r — 400, (4.11)

where

o o+ i r
5 — / i+ f(re (+7( ))) i) do.
0

_j=ko i—6 f(rei(so'f"Y(’”)))

By Lemma 4, there exists an Ey-set of E; such that

0;+6 i r 0,46
/ i f/(re' () i) dw‘ - 70/ j
0,5 f(rel(so'f"Y(’”))) 0;—5

f'(re)
f(re®)

:O(U(r))<5—|—5ln<1+ ;)), r—+oo, r¢FE;, j=ko,...,lo,

do

and hence
2520(1)(7‘))<5+51n<1+(15>>, r—+4oo, r¢E= (OJ E;. (4.12)
=k
Letting 6 tend to zero, from (4.10)—(4.12), we obtain o
n'(r;a, B) = 2177 i (G(0; —0) = G(8; +0))v(r) + o(v(r)), r—+4oo, r¢kFE,
J=ko

where E is some Eg-set. [ r € E, then it follows from the definition of E that there exist 7/, 7" such that
r/2<r <r<r’<2randr’ ¢ E,r" ¢ E. Since

(s, B u(r') _ n(rianB) _ 07 (e B) u(r”)

o(r) () T () T () ()
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v(r’) ~v(r") ~v(r) asr — +oo and G(0; — 0) — G(0; + 0) = 27 A, it follows that

lo
. n(ra, B)
¥ _ _ .
A (O[,,B) TEI-FOO 'U(T') JZI; A]7
=ko

which proves Theorem 2.
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