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BINOMIAL ASYMPTOTICS FOR THE LOGARITHMIC DERIVATIVE OF
ZERO-ORDER ENTIRE FUNCTIONS WITH ZEROS ALONG CURVES OF
REGULAR ROTATION

M. V. Zabolotskyi, Yu. V. Basiuk, M. R. Mostova. Binomial asymptotics for the logarithmic
derivative of zero-order entire functions with zeros along curves of reqular rotation, Mat. Stud.
52 (2019), 156-165.

The relationship between the regular behavior of the logarithmic derivative of zero-order
entire function f with zeros on a finite system of curves of regular rotation for f and the
existence of v-density of zeros of f along such curves is investigated.

1. Introduction. Let H,(p) be the class of entire functions f with positive order p, p(r) be
a proximate order of f, p(r) — p as r — +o0. The creation by B. Levin and A. Pfliiger of
the theory of functions of completely regular growth (c.r.g.) for the class H, (p) became the
main event of 20th century in the theory of analytic functions. In the case of noninteger p
the function f € H,(p) is of c.r.g. if and only if zeros of f have angular density with respect
to the comparison function V(1) = ("),

Asymptotics and evaluations of the logarithmic derivative F(z) = zf'(z)/f(z) of entire
functions f outside exceptional sets play an important role in various fields of mathematics.
Estimation of the modulus of the logarithmic derivative is important in the Nevanlinna
theory and its applications to differential, functional and difference equations. Respectively
necessary and sufficient conditions of affiliation f € H, (p) to the set of functions of c.r.g. in
terms of the logarithmic derivative are found in [3| and [5]< respectively.

In [1] there is generalized the theory of functions of c.r.g. in the case of the arrangement
of zeros along curves of regular rotation (c.r.r.) and in particular along logarithmic spirals.
We note that the asymptotics of canonical products with zeros lying on one ray or on c.r.r.
is substantially used in [3] and [1], respectively.

From the results of [6] it follows that if we similarly introduce the notion of c.r.g. for
the class Hy of zero-order entire functions, then the obtained theory becomes ineffective.
Indeed, c.r.g. of f € Hy is independent of the arguments of its zeros and depends only on
their moduli; c.r.g. in C follows from c.r.g. on one ray; indicator of an entire function f of
c.r.g. from the class Hy is a positive constant. The notion of strongly regular growth (s.r.g.)
was introduced by the first author of this article in the 90th of the last century for the class
Hy, which has features similar to the features of functions of c.r.g. from the class H(p)
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([8]). Criteria of s.r.g. for functions f € Hy in terms of quantities related to their logarithmic
derivatives are found in [10, 11].

In this paper we consider the question of the connection between the regular behavior of
the logarithmic derivative of a function f of the class Hy, with zeros on c.r.r. and the existence
of v-density of zeros of f along such curves. We note that the Valiron-type and Valiron-
Titchmarsh-type theorems on the relationship between the regular behavior of logarithm of
f, which belongs to the class Hy, and the asymptotics of the counting function of zeros of
f, which are located on a logarithmic spiral, are proved in [9].

2. Definitions and main results. By L we denote the class of nonnegative continuously
differentiable increasing to +o00 on R, functions v such that ¢ (r;v) := rv'(r)/v(r) — 0 as
r — +oo. It is well known that accurate to equivalent functions the class L coincides with
the class of slowly increasing functions. Note also that functions v of the class L is of order

zero, namely .
lim In"o(r)/Inr = 0.

r—-+00

We denote by Hy(v) the class of entire functions of order zero, the counting function
n(r) = n(r,0, f) of which zeros satisfies the condition n(r) = O (v(r)), r — +oo. For 6§ € R,
1 <a < +oo we set [J(a,r) = {z =t ¢ <t <1}, [J(1,400) = [, where y(t) is a
real-valued function defined on [a, r].

Definition. We say that the curve /] is called a curve of regular rotation (c.r.r.) for f € Hy(v)
if 7(¢) is continuously differentiable on [1,400) function such that (¢ € R)

ty'(t) —c=o((t;v)), t = +o0. (1)

Let .
0 =150 =i, n<bh<br<... <<,

be a finite system of c.r.r. l7 for f, h(p;0;) = ¢ —0; —m for ¢ € (0;,0; + 27), /f;j(cp) be the
27-periodic continuation of the function h(p;0;) from (6;,6; 4+ 27) to R,

for p € [—m,7), A; >0, ¢ # 6;, n(r;0;) =n(r,0, f;6,) be the number of zeros of f, which
lie on [y , in the disk {z: |2[ <7}, A=A +...+ A, We denote by

(r;an B) = Ul'ylr
a<p<fp

the curvilinear sector, —7 < a < g < 7.
We will say that zeros of f € Ho(v), v € L, have v-density A¥(a, 3) along c.r.r. [ for f,
if for all «, B € [—m, ] except possibly a countable set the limit

lim n(r, B) = AV(a, )

r—-+00 U(T’)

exists, where n7(r; «, ) is the number of zeros which lie in the curvilinear sector D (r; «v, ).
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By Ho(v,I'7)) we denote the subclass of functions of the class Hy(v) with zeros on I'),.
For v € L we set
"ot
u(r) = / &dt.
1t
It is easy to see that v € L, 0(r) = o(v(r)), r — +o0.
Theorem 1. Let © € L, f € Hy(v,17,), z = re!@+B0) B(r) — ~(r) — 0 as r — +oo. If for
J=1m
n(r;0;) = Aju(r) +o(o(r)), r— 400, (2)

then for ¢ € [—m, ), ¢ # 0,
1

F(z) = Av(r) + e

he(@)o(r)+o(o(r)), r — +oo, (3)

moreover, the asymptotic relation (3) holds uniformly relative to ¢ € [—m,7), | — ;| > 9,
0<d<l.

Theorem 2. Let v € L, f € Hy(v,I'),) and the asymptotic relation (3) holds with some
function G(y) instead of the function h;(p), G € L0, 2x]. Then zeros of f have v-density
along c.r.r. [ for f, moreover, for all

1

a,f € [-mm)\ {U QJ}i Aa, ) = 5= (Gla) = G(B) + A(B - a)). (4)

Remark 1. Under conditions of Theorem 1 if instead of (2) the following condition holds
n(r;0;) = Aju(r) +o(v(r)), r— 4oo,

then for ¢ € [—m, ), ¢ # 0;,
F(z) = Av(r)+o(v(r)), r — +oc.

3. Additional results. Without loss of generality, for v € L, f € Hy(v) we assume that
v(r)=0as 0 <r <1, f(0) =1. To prove Theorems 1-2 we will use following results, which
we formulate as lemmas.

Lemma 1. Let v € L, w € I7, f(t) — v(t) = 0 as t — 400 and let a(t) be piecewise

—T)

continuous function on [1,4+00), a(t) — 0 ast — +oo. Then for z = re!@+H8N) 1 < v < 7,
we have
Jp = z/l1 —Q(JZUUD_Uil;:de =o(v(r)), r — +o0; (5)
Ty = / allwDotD) g, — ou(r)), + = +oc: (6)
L W— =z
a(fw)u(|wl)
J3 = z/ ——————~dw = o(v(r)), r = 400, (7)
17 (r,400) w(w - Z)

moreover, the above relations hold uniformly relative to ¢ € [—m + 0,7 —§], 0 < 0 < 1.
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Proof. Let ¢ > 0 be an arbitrary fixed number, K7, K>,... be positive constants. We set
n = e %W with ¢ = thgl (t9/(t)). If ¢ = 0, then we assume n = 1/2. Since dw =
_>
(1 4ty () Ot we get

+o00 t t nr r/
|J1|§7“/ MH—HW’(MC&SKIT / +/ / Q)dt
1 |w_Z| 1 nr |UJ—Z|

= J171 + J172 + J1’3.
Since .
w — 2| > || — [2| = It — 71, / a(t)ldt = o(r), T — +oo,
1

we have

|J11] < Klr/m" Mdt < Ky—? v(r) /nr la(t)|dt < %U(T), >

(r —nr)? r
Similarly,

o Ja(t)u(t o Ja(t)|u(t
|13 < Klr/ Mdt < Kyr wdt < iU(r), r > T,
/n ¢2 (]_ — t) r/n t 3
t

[ (1)

Taking into account [2, p. 605| that for arbitrary b > 0
i (08) = (1) = eI,

because

for t € [nr,r/n] we obtain

P =p+B(r)—7(t) =+ (B(r) =(r) + (v(r) =7(t)) = ¢ +clnb’
as r — 400, b* € [n,1/n]. If ¢ € [—7 + 0,7 — §] then for r > r3

- J J ) )
o> (g0+clnb*)—§> 7r+——|clnb*|> 7T+§—|c|lne /el — WJFZ_L’
- J J )
< (¢ +Clnb*)+2<7r——+|c|lne /el — =T= 1
and therefore |5| < 7 — 2. Owing to inequality (see for example [4, p. 92|) ‘t + Tew’ >

(t 4 r)sin(6,/2) as |0] <7 —d1, 0 < §; < 1, we obtain
. . _ §
|w — Z| — |tez(—7r+7(t)) _ Tel(‘P-HB(T))‘ — |t + 7"61@’ 2 (t + T) Sing.
Let us put a*(r) = sup{|a(t)|: nr <t <r/n}. Since a*(r) — 0 as r — +oo we have for
2> Ty
T o) [o(t)dt v/ £
Jio < K < Kpa” t72dt < Kza*(r)v(r) < —v(r).
hal < o [ S ey < e [t < Koo ) < S00)

nr

Using the estimates obtained for Jyx, £ = 1,2, 3, we deduce that |J;| < ev(r) as r >
rs = max{r;: 1 <j <4}, ¢ € [-m+6/8 7 —0/8], proving (5). The relations (6), (7) can be
proved similarly. Lemma 1 is proved. O
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Let v € L, t/(t) = ¢ + by (t) with U,(t) = a(t)(t;v), at) — 0 as t — +oo (see (1)),
ke NU{0}. We set

T +oo
Ag(1,v) :/ v(t)the! W ar - By (1, v) :/ v(t)tF 2o YO gt
1 T

Lemma 2. If v € L, then

1 v(r)TH i(k+1)7(r) 1 ~ i
Ag(1,0) = e ( F e i 1Ak(7, 0) — 1 Ag(T,vy) |, (8)
1 o(r)r=F 1 1 IO ~
B _ i(k+1)v(7) B — 4B .
(T, 0) T ic ( E e + 1 w(T,0) — iBg(T, v1)y) (9)

Proof. Integrating by parts we obtain

Ag(r,v) = Mei(kﬂ)v(ﬂ ’ o /T L i(k+1)y(t) (U’(t) +i(k + 1)7’(t)v(t))dt =
’ k+1 , k+1)
U(T)Tk“ei(k“”“) 1 /T ) b i(ktl) [T A
= — ' (t))the! Wt)dt—z/ V() (' (8))tFeF DO g =
" el MCHO) v )
,U(T)Tk-l—lei(k-l—l)'y(’r) 1

= — — A D) — ieAy(r,v) = iA(T, Vi),
Moving the expression (—icAg(7,v)) to the left-hand side of the equality and dividing
both sides into the multiplier (1 + ic) we find (8).
The relation (9) can be obtained similarly. Thus, Lemma 2 is proved. O

Lemma 3. Let v € L, w € I, B(r) —v(r) = 0 asr — 400, 0 < § < 1. Then for
z = re'#*P) the following relations hold uniformly relative to ¢ € [—m+6,7—0] (r — 400)

n=s [ = i sy 5 SR Ao om0 (10

12.(1r)

p=s [ f = (i tig 5 S B (e o) (1)

17 (r,4o0)

I; = / M = (1+ic) lim i ﬂflk (1 =¢e)r,v)+o(v(r)); (12)

z—w e—0+ Zk+1
(1) =
d +oo _1)k+1 _
I =2 / % = (1+ic) lim 3 %Bk((1+s)r,v) +o@(r).  (13)
17 (r4o0)

Proof. We have w=te! ™) dw= (1 + ity (£))e! " Ddt = (1 + ic + iy ()T Ddy
and so that owing (5)

1 / V(t)(1 4 ic + ithy ()T ®) i
1

)
z
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— (1+ic) lim (e (U(t)e“;ﬂ(t_)) +ff(k: 1) <%>k> di+
H.Z/ (aft)/ (1 +1dty'(t))) 5(t)dw _
llw(l,r)

(z —w)? N

= (1 +ic) EIE&Z (_Dk:;(f i 1)Ak: (1 —=¢e)r,v) 4+ o(v(r)), r— +o0.

The relations (11)—(13) can be found similarly. Lemma 3 is proved. O

The set E C [0, +00) is called an Ey-set if mes (E N [0,r]) = o(r), r — +00. By Lemmas 4
and 5 from [8] we obtain the following proposition.

Lemma 4. Letve L,0< ¢ < 1,0 € [-m,7), f € Hy(v). Then there exists Ey-set E such

that r/9+6 ' (ret®) ;
o-s | [ (re?)

4. Proof of main results.

o =0 (u(r)) (5+51n (1+§)) r— 4o, r ¢ E.

Proof of Theorem 1. At first we assume that zeros of f € Hy(v) are located on c.r.r. I7
for f. If (a,) > is a sequence of zeros of f, 0 < |ay| < |ag] < ... <a,| < ... = 400, then

f(z):ﬁo<1—a—i>, 1nf(z):§1n(1—;—n),

n=1

where In(1 — =) is a single-valued branch in (C\ I’ ) of the multivalued function Ln(1 - %)
such that In(1 — =)[,_o = 0. For z = re! @8 —m < o < m, we have (see (10),(11))

F(2) :fo’((zz)) :Zzz—lan :Z/ﬂ z—lwdn(’w’) = —Z/ﬂ ?S@Zl)f -

S g PP S T 11 R
2 (z —w) (1) (2 —w) 17 _(r400) (2 —w)

(14)
Since n(r) = v(r) + e(r)o(r), e(r) — 0 as r — +o00, then owing to (5)
J = —z/ﬂ de =o(v(r)), r — +o0. (15)
From (10) and (8) we obtain
+o0
L D) (k+1) (v((1—e)r)(1—g)rirht i (1)) L _
L= sli%}# — P ar! k+1 € _k__H_Ak ((1—5)7”7 U) o

(1 = &)eir((1=2Ir)=5(r) =)

—i Ay <(1 —e)r, UIZU>> +o(v(r)) = —v(r) lim +

2504 1+ (1 — £)elt(@=—on—50)—9)
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400 k +00 k
+ lim Z (=1) A (1 —¢e)r,v) +14 lim Z MAk ((1 —e)r, U@ZU> +

Zk+1

e—=0+ Zk+1 e—0+
k= k=0

(V1) —B(r)—)
V() e A9

+3+ X+ 0 (v(r)), r— +oo.

Further, from (10), (5)

_ =z a(fw)o(lw)) .~ ~
Yo = 1+ic/l G- wp? dw = o(v(r)), r — 400,

also, owing to (8), (12) and (6)

+00 k /o~ k) kL
5, = 1 lim Z (=1) (U((l—g)r)(l_g) T i)Y ((1=2)r) _

14ic e=0+ — kit k+1 k—l—l

i (04 = e gy 30

1 (=1 ~ i Us(1)(1)
. I T A (1=e)r, T ) —— YUY 4
1—|—zca—l>%1+z(k+ 1)k s (( 8)T’Uln>+(1+ic)2/ oy —w w +
o(r) () — B(r)—
_ In (1 i(y(r)=B(r)—¢)) _ lim X, .
Tt )~ Thie g Be 0 () > oo

Setting ¢y (r) = ¢ + B(r) — y(r),

ay(r,v) —/ (t)t*dt,

by Lemma 3 from [7] we have

o(v(r))

)ei(v((l—E)r)—B(r)—w)k“ _

o (v(r))

+00 +o0 ~
1 " ay(r, o)) _
|E€| < Z m/l U{n(t)tkdt = Z krkz—-i-ll = 0(1}(7’)) , T — +00,
k=0 k=0
and hence
—ip1(r) ] A
I, = _ulre o) In (1+ e‘“"l(r)) +o(v(r)), r— +oo.

1+e-w1() 1 +i4c

Similarly using (11), (5), (9), (13), (7) and Lemma 3 from [7]| one can obtain

o(r) o)

L=-— .
2T 14eim) 144

In (14 €%0) +0(3(r)), r — +oo.

From (14)—(17) we have for z = re!@H30) —r < < 7,

1 1 + eber(n)

— In : —1
1+ic 1+ e 1+ic
=v(r) +i(1+ic) 'po(r) + o (B(r)), 1 = +oo.

F(z)=uv(r)+

o(r) 4+ o(o(r)) = v(r) +

A (A=e)r, oy,) —

(17)
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If zeros of f € Hy(v) lies on c.rr. I, —m < 6 < m, for f then by rotating the plane on
the angle (7 + 0) in a clockwise direction, that is by substituting the quantity (¢ — 0 — )
for ¢ in (18) uniformly relative to ¢ € [# 4,0 4+ 27 — ], 0 < § < 1 the following asymptotic
relation holds

F (re® 0 = o(r) (1 +ic) " (p — 0 — m)T(r) + 0 (3(r)) , 7 — +oo.

Let f satisfy the assumptions of Theorem 1, namely zeros of f are located on I'7 (f)
and (2) holds. We represent f by a product of the form f = f,-...- f,, where f; is an
entire function with zeros on c.rr. Iy, j = 1,m. Then for z € (C\I7,) we have In f(z) =

In f1(2) + ... +In f,,(2) and using the last relation for z = re@+7() £ 0, we obtain

Z) =z ; j:j 8 = Au(r) + - jic ; Ahi(0)5(r) + o(D(r)) =
— Ao(r)+ fh (O)5(r) + o(F(r)), 7 — +00.
This completes the proof of Theorem 1. ]

Proof of Theorem 2. Let Q= (a,)°] be a sequence of zeros of f € Hy (v,I7,),

oD (r;a, f)=11(1,7) U Cpla, B) U (I3(1,7)) " U (Ci(a, B))

be the positive orientation of the curvilinear sector D7 (r; o, f) with —m < 0 < ... < 0,1 <
a<Op<...<O,<B<...<O0p<mré&Q ClapB)={z=71e% a<p<B} Then

9 Y (o — dz = - - d
T (T’ @ 6) /<9Dﬁ(r;a,/5) f(Z) . (/l;ﬁ(un) i /Cr(@ﬂ) /lg(lﬂ") /Cl(o‘”g)> f(Z)

:A1+A2+A3+A4. (19)

By the conditions of Theorem 2 we obtain (0(t) = tv'(t))

f (teilorr0))

, T F(teilat(t)
F(teiter@)y ( +ity/ (1)) e Dt = (1+ic>/ R
62 «

1 t

—H’/ (teilet( )))wv(t)dt = (1+ic)A /T @dt 4 /T (G(a)V'(t) + &1 ()0 (1)) dt+

t

dt+

= (1 +ic)Avy(r) + iG(a)v(r) + o(v(r)), r — 400 (20)

with

vy (r) :/ v(t)/tdt, €;(t) =0
1
as t — 400, 7 = 1,2. Similarly,

Az = —(1 +ic)Avy(r) —iG(B)v(r) + o(v(r)), r — +oo. (21)



164 M. V. ZABOLOTSKYI, Yu. V. BASIUK, M. R. MOSTOVA

Let

2 72 72

J = ko, lo — 1. Then taking into account (3) we have

e S ] o~ r0;+6
Ay = ( / 3 / . / ) F (@00 dp +13 / F (re @07 gy =
a e Joiwe 01y +5 e Jo—s
lo—1
= 1Av(r) ((9k0 —d—a)+ Z(Gjﬂ —0;,—20)+ (B -6, — (5)) + %5 4+ o(v(r)) =
J=ko
=iA(B—a—20(yp—ko+ 1)) v(r)+iXs + o(v(r)), r — 400 (22)

with

lo 046 '
5=Y / F (ref@10)) dy.
j=ko /0370

By Lemma 4 there exists an Ey-set £; such that

9j +d
/ Fre 1))y
0,-6

=0 (v(r)) (5+5ln (1+%>), r— +oo, r & Ej,

and hence

125 < O (v(r)) (5+51n (1+%>) r— +oo, r ¢ B = U E. (23)

J=ko
Sending 0 to zero from (19)—(23) we obtain

HW(Z&ga 6) — % (G(Oz) - G(ﬁ) + A(ﬁ — Oz)) + 0(1)’ r— 400, T ¢ E. (24>

Let us show that the equality (24) is fulfilled for r € [1,4+00). Indeed, let us suppose
that » € E. From the definition of Ey-set it follows that there exist numbers r’, " such that
s<r'<r<r"<2r "¢ E r"¢E. Since

n(r';a, B) o) _ n(rie, B) _ n7(r";a, B) v(r”)
o(r’) o) T o) T o) w(r)”

v(r') ~v(r") ~v(r), r — +oo, then from (24)

. n’Y(r; O‘?B) - 1 _ _ — Y
Jm o) o (Gla) = G(B) + A(B — o)) = A(a, B).
This completes the proof of Theorem 2. ]

Remark 2. If the conditions of Theorem 2 are fulfilled with

G(0) = hp(0), A= iﬁj

lo
then AV(«, 8) = > Aj, where o € (Oy—1,0k,), B € (01, 01541) -

Jj=ko
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